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1. Introduction

Stochastic systems including Markovian jump system as a special case has attracted a lot of researchers in the past several
decades since many practical systems can be modeled by stochastic systems with Markovian jumping parameters, for exam-
ple, network control systems [23], a model with random abrupt changes, sudden environmental changes and abrupt varia-
tions of the operating point and so on [20]. A set of control problems that have been well studied in deterministic setting are
extensively extended to stochastic setting. These problems include stability and stabilization [8,11], detectability and
observability [13], estimation [5], time-delayed control [19], robust control [26], and filtering [21,24,25].

Amongst some of the mostimportant problems in control theory, stability and stabilization in both deterministic setting and
stochastic setting have received much more attention than other problems. For deterministic system, it is well known that the
stability of a system is equivalent to the existence of a positive definite solution of the associated Lyapunov equation. This ele-
gant result has been extended to the stochastic setting by virtue of (stochastic) Lyapunov direct approach. For example, for the
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It0 stochastic system with Markovian jumps, it is shown that the mean square stability of the system is equivalent to the exis-
tence of positive definite solution of some coupled Lyapunov equations (see, e.g., [27]). Lyapunov equation is not only funda-
mental in stability analysis but also in stabilizing controller design in both deterministic setting and stochastic setting.
Hence, finding solution to this class of equations, especially, in the case that the associated system is (mean square) stable, is
extremely important. However, to the best knowledge of the authors, a few results for Lyapunov equations associated with sto-
chastic system are available in the literature. For example, for the coupled Lyapunov equation associated with discrete-time
Markovian jump linear system which is mean square stable, reference [1] presents an iterative approach by assuming the zero
initial condition and Schur stability of each subsystem. However, it is shown in [22] that these two assumptions are not neces-
sary for the convergence of the proposed iterative algorithm. Moreover, without assuming the mean square stability of the asso-
ciated stochastic system, references [22,29] propose two alternative algorithms by using implicit iteration and gradient based
iteration, respectively. We notice that linear matrix equation is a hot topic in control theory and has received much attention in
the past several decades (see, for example, [2,35,37,3,4,6,7,12,14,33,15,16,18,34,36,32,30] and the references therein). How-
ever, as far as we know, no method is available for Lyapunov equation associated with continuous-time stochastic systems.

In this paper, we will study the numerical solution of the Lyapunov equations associated with Itd stochastic systems with
Markovian jumps which include the Markovian jump system as a special case. For the discrete-time Lyapunov equation,
when the associated stochastic system is mean square stable, we give a direct iteration and an implicit iteration to compute
the numerical solutions, whose convergence are verified by virtue of properties of some positive operators. A necessary and
sufficient condition for the convergence of the implicit iteration is also established based on the spectral radius of some aux-
iliary matrix. For the continuous-time Lyapunov equation, a transformation is first performed so that it is transformed into
an equivalent discrete-time Lyapunov equation. An iterative solution can then be obtained by applying the iterative algo-
rithm developed for the discrete-time Lyapunov equation. Similar to the discrete-time case, we also give an implicit iteration
for the continuous-time equation. For both discrete-time and continuous-time Lyapunov equations, the convergence rates of
their corresponding algorithms are analyzed and compared. Numerical examples are worked out to validate the effective-
ness of the proposed algorithms.

The rest of this paper is organized as follows: Section 2 presents some notations and preliminary results that will used in
the paper. The discrete-time stochastic Lyapunov equation and the continuous-time Lyapunov equation are then respec-
tively studied in Sections 3 and 4. Numerical examples are reported in Sections 5 and 6 concludes the paper.

2. Notations and preliminaries

We let R C™™ represent, respectively, the n x m dimension real and complex matrices, S™" represent the n dimen-
sion symmetry matrices, A" represent its transpose, @ represent the Kronecker product, C" = {/:Re{4} <0, € C} and
C” = {2:]4 < 1,2 €C}.Let R™"(S™") denote the linear space made up of all ordered N-tuple of real matrices (real symmet-
ric matrices), that is, C=(Cy,C,...,Cy) with C; e R™"(C; e S™"), where N >1 is a given integer. We denote

R ={C=(Cy,Cy,...,Cy) e R™": C; > 0,i e N} where N ={1,2,...,N}. For any matrix X =[x; x; --- X,]€C™",
the stretching function is defined as

vec() =[x x5 ... XT]TiC™M O™
For any P = (P1,P,,...,Py) € R™", define the operator ¢(-) : R™" — R™V as follows:
@(P)2[vec"(Py) vec'(Py) --- vec'(Py)]" =vec([Py P, --- Py]).

We use diag{A1,A,, ...,As} to denote a diagonal matrix whose diagonal elements are A;, i = 1,2,...,s. Finally, we let ¢(-) and
p(-) represent, respectively, the spectrum and spectral radius of a matrix or a linear operator.
The positive operator introduced below takes very important functions in this paper.

Definition 1. Let W be some finite-dimensional real vector space, ordered by a closed, solid, pointed convex cone W.. A
linear operator £ : W — W is called positive (denoted by £ > 0) if LW,) Cc W;.

Lemma1 [17]. Let £: W — W be positive and p(L) be the spectral radius of £, namely, p(£) = max{|o(L)|}. Then the following
statements are equivalent:

1. p(L)<1;

2. There exists an X > 0 (X < 0 means that X € intW, ) such that £(X) — X < 0;
3. For any Y > 0, there exists an X > 0 such that £L(X) — X = -Y.

Finally, we introduce the standard concept of asymptotic exponential convergence rate of linear iteration.

Definition 2. Consider the following iteration
x(k+1)=Mxk)+g, gecR", (1)
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where M and g are respectively constant matrix and vector. Then the number R(M) = —In p(M) is called the asymptotic
exponential convergence rate of the iteration in (1).

Basically, the above definition means that the smaller the spectral radius p(M), the larger the asymptotic exponential con-
vergence rate is, namely, iteration (1) converges faster.

3. Discrete-time Lyapunov equation

We consider the discrete-time stochastic system described by It6 difference equation with Markovian jumps:

x(k+1) = Ag(0(k))x(k) + ZAS(H(k))x(k)a)s(k), (2)
s=1
where x(k) € R" is the system state, ws(k) € R,s € {1,2,...,r} are sequences of real random variables defined on a complete

probability space {Q,F,u} and are independent wide sense stationary, second-order processes with E{w;(k)} =0 and
E{w;i(t)wj(s)} = d;,1,j € {1,r}, and {0(k),k > 0} is a discrete-time homogeneous Markovian chain with finite state space
N, transition probability matrix IT = [m;]y,y and initial distribution 7 = (71, 703, ..., 7ty).

Definition 3. The discrete-time It6 stochastic linear system (2) is said to be mean square stable if
lim E{Hx(k, Ho,xo)Hz} =0, VxoeR"

Moreover, we say shortly that A = (A, A1, ...,A;) is mean square stable.
Regarding mean square stability of system (2), the following result is standard.

Lemma 2. The discrete-time Ito stochastic linear system (2) is mean square stable if and only if the discrete-time stochastic
Lyapunov matrix equation

r N
ZA; (ZTCUP]‘>A51'—P1——Q,*7 i€N7 (3)
s=0 j=1

has a unique solution P = (Py,P,,...,Py) € R for any given Q = (Q4,Q5,...,Qy) € RT™".

It is thus important to consider numerical solutions of the matrix equation (3). However, a few result is available in the
literature for this problem. For example, according to Remark 1 in [22], the equations in (3) are a special case of the coupled
Sylvester matrix equations studied in [6] by introducing auxiliary variables. Therefore, the number of variables would be
doubled, which increases the computational cost. Recently, we proposed in [28] alternative gradient based iterative solutions
of general coupled matrix equations which include (3) as special cases. However, since the method in [28] does not take full
advantage of the special structures of Eq. (3), the convergence performances is not satisfactory as can be seen in our numer-
ical examples given in Section 5. In this section, we will present two classes of iterative algorithms for solving these equa-
tions by taking full usage of the special structures of them.

3.1. Direct iteration
In this subsection, we present a natural and simple iterative algorithm for solving Eq. (3).

Theorem 1. Assume that the discrete-time It6 stochastic linear system (2) is mean square stable. Let P* = (P}, P5,...,Py) € RT"
be the unique solution of Eq. (3). Define iteration

r N
Pik+1)=>"A§ (Z n,,-P,—(k))Asi +Q;, ieN. (4)
s=0 j=1

Then {P(k)};-, converges and limy_..P(k) = P".

Proof. Define operator 7 : R™" — R™" as
r N
T =(T1, T2, In), TilP) =) A (Z m;P,—)As,-, ieN.
s=1 j=1

Obviously, J is a linear positive operator. Then iteration (4) can be written as
P(k+1) =J(P(k) +Q, (5)

where Q = (Q4,Q,,...,Qy). Because P" is the unique positive definite solution of Eq. (3),so P* = 7(P") + Q, Q > 0.By Lemma
1, we know that p(7) < 1. Then iteration (5) converges for any initial condition P(0) e ¢™". Set limy_..,P(k) = P'. Taking limit
on both sides of (5) and using P* = J(P") + Q produce
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PP=g(P)+Q=J(P")+P —J(P).
Let AP = P' — P*. Then it follows that AP = J(AP). Because p(J) < 1, so AP = J(AP) has a unique solution 0, that is, P! = P~
The proof is completed. O

Regarding the convergence rate of iteration (4), we have the following result.

Proposition 1. The asymptotic exponential convergence rate of iteration (4) is —In p(J), where
T
.]: <ZTS> (H®In2)7 (6)
s=0
with

T = chag{A; © AL AL @ AL, AT @A}N}.

Proof. Taking ¢(-) on both sides of (4) and denoting p(k) = ¢(P(k)) gives
p(k+1) =Jp(k) + ¢(Q),

where ] = [y e With Jj = S0 346 @ Ag € R™*". Direct manipulation shows that J can be simplified as (6). The result
then follows from Definition 2. O

3.2. Implicit iteration

Notice that we can rewrite the Lyapunov matrix equation (3) as follows:
(\/n_ﬁA(T)i>Pi(\/7T_ﬁA0i) — (14 7)Pi = Ay (Z P, )Am =P - ZAS, (Z Tj ) si— Qi TeN.
=1j#i

where p;, i € AV, are any scalars. Based on this expression and motivated by the work [22], we can present the following im-
plicit iteration for solving Eq. (3):

N r N
(VTaAG ) Pilk+ 1)(Toahor) = (1+9)Pilk+ 1) = ~AG ( > nvpj(k)>/\oi = iPilk) = > A (Z ni,»PJ-(k))Asf -Q ieN.
j=1j#i 5= j=1
(7)
Notice that at every step of the above iteration, N normal discrete-time Lyapunov equations in the form of
AXA-X=-Z, Z>0 (8)

are solved. Fortunately, there are many numerically stable algorithms for solving such kind of equations. One of the most
effective algorithms is the well-known Hessenberg-Schur form based approach [10] which has been imbedded in the Matlab
function dyap.

Regarding the convergence of iteration (7), we can prove the following result.

Theorem 2. If the discrete-time Itd stochastic linear system (2) is mean square stable, then for any y; > 0, i € N, the iteration in
(7) converges to the unique solution P* = (P},P5,...,Py) € R™*" of the discrete-time Lyapunov equation (3) for any initial
condition P(0) = (P1(0),P,(0),...,Pn(0)).

Proof. Define the operator R as
R(P) = (R1(P), R2(P),...,Rn(P)),
Ri(P) = (VT )Pi(V/Taflo) = (1 4+ )P, i€ N,
and the operator S as
S(P) = (S1(P), S2(P), ..., Sn(P)),
= Ay, (Z n,JP,>Ag, + ZA (Z nUP,>ASl +7P, ieN,
ST

where P = (P4, P,,...,Py). Then the discrete-time stochastic Lyapunov matrix equation (3) can be written as
R(P) +S(P)=-Q, 9)
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where Q = (Q4,Q;,...,Qy). Or equivalently,
R(P) = -S(P) - Q= - X.

As the discrete-time It6 stochastic linear system (2) is mean square stable and Q > 0, we know that the discrete-time stochas-
tic Lyapunov matrix equation (3) has a unique solution P > 0, which implies that X > 0 as Sis a positive operator. That is to say,

Ri(P) = (\/n_,-,-Ag,.)Pi(\/n_,-,-Am—) —(1479)Pi=-X <0, VieN.
By Lyapunov stability theorem, the above equations indicate that U”T%Am, i € NV, are Schur stable. Hence
T ®
g Aoi | € C,
< 1+ 0')
and it follows that

) Tii -
o(Ri) = {Aﬂ—l NTRS 0<, 1 +V,-A°i>} ccC.

By observing the special structure of the operator R, we conclude that

0(R) = LNJG(R,-) cC.
i=1

Hence R is invertible and we can rewrite (9) as R(Z + R"'S)(P) = —Q, or

(Z-T)(P)=R'(-Q), (10)
where 7 is the identity operator and 7 = —R7'S. Let

R (-Q) =-R Q) =Y=(Y1,Y2,....Yn), (11)
namely,

RI(Y) = (\/n—uA-(l)-1>Y1(\/ﬁA01) - (1 + A/,’)Yi = —Q,' < 07 Vie N.

As p( %AO,) < 1, we get from the well-known Lyapunov stability theorem that Y; > 0, namely, Y > 0. Therefore, by Def-

inition 1, it follows from (11) that —R~! is a positive operator. As S is also a positive operator, we know that 7 = —R~'S must
be a positive operator too. Rearrange (10) as

T(P)-P=-Y.
As P >0 and Y > 0, we get from Lemma 1 that
p(T) < 1. (12)

Now, by using the operators R and S, the iteration in (7) can be rewritten as
R(P(k+1)) =-S(P(k)) —Q, P(0)ecC™,

namely,
P(k+1)=-R7'S(P(k)) - R71(Q) = T(P(k)) — R(Q).

The convergence of the algorithm then follows from (12). Finally, when it converges to P*, then P* must satisfy
R(P") = -8(P") - Q,

which indicates that P is the unique solution of Eq. (3). The proof is completed. O
A couple of remarks regarding the implicit iteration in (7) are given in order.

Remark 1. Similar to iteration (7), we can also construct the following iteration

(VA ) Prlk+ 1) (Vi) = (1+ 7)Pilk + 1) = —A;i(i m&(k))Amf—y,Pi(k) - i Ag (Z nij,(k))Asf—Qf,
j=1

j=1,j#i s=0,s#m

where i € A/, Vm € {1,2,...,r}. In this case, Theorem 2 is also true.

Remark 2. Numerical experience indicates that implicit iteration (7) converges faster than the direct iteration (4) in most
cases. However, since the accuracy of implicit iteration (7) relies heavily on the accuracy of solutions of the discrete-time
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Lyapunov equation (8), direct iteration (4) can yield more accuracy solutions than implicit iteration (7). These characteristics
can be observed from the numerical examples in Section 5.

Remark 3. Though the free parameters y;, i € A, can be arbitrarily chosen in iteration (7), different values of them will lead
to different convergence rate of the iteration. Numerical experience shows that, under the condition of mean square stability
of the discrete-time Itd stochastic linear system (2), the smaller the values of y;, i € AV, the faster the iteration converges. For
this reason, we can simply choose

y;=0, VieN.

Remark 4. In Theorem 2, the condition that the discrete-time Itd stochastic linear system (2) is mean square stable is suf-
ficient but not necessary for the convergence of iteration (7). For example, we assume N = 1, s = 1 and n = 1. Then the sto-
chastic Lyapunov equation (3) becomes

AyPAy + AjPA, — P = —Q,

where A; # 0. The iteration in (7) then reads

2
Ph+1)= 2R prg Lo 530,
Ag—1-7 Ay—1-y
which converges if and only if
2 2, .
Py (LT I . b (13)
Ag—1-y Ay —1—7

On the other hand, the discrete-time It6 stochastic linear system (2) is mean square stable if and only if G(Aé + Af) cCYie.
A+ AT <1 (14)

Obviously, (14) implies (13) but the converse is not true.
Motivated by Remark 4, we give the following necessary and sufficient condition for the convergence of iteration (7). To
this end, we first denote

M = —diag{M, My, ..., My},
with M; = mAL @ Ab — (1 + 912, i € N and

T=M"'W, (15)
where W = [ij]ananz, with

r
Wi = m;i ZAE, ®A; + Vi1n27
s=1

Wi = NUZA;-@A;, Vi#j, i,jeN.
s=0

Since at each step in iteration (7), a Lyapunov equation in the form of (8) should be solved, we should find conditions to guar-
antee that these Lyapunov equations have unique solutions. A necessary and sufficient condition is that M; is nonsingular, or
equivalently, the following assumption is true:
Assumption 1. The matrix M is invertible.

The above assumption is not restrictive since we can always find y;, i € AV, such that it is satisfied.
Theorem 3. Assume that the discrete-time stochastic Lyapunov equation (3) has a unique solution P* = (P}, P5,...,Py) € RT".

Then for any initial condition P(0) = (P1(0),P5(0),...,Pn(0)) € C™", the iteration in (7) converges to P* if and only if p(T) < 1.
Moreover, the asymptotic exponential convergence rate of iteration (7) is —In p(T).

Proof. Taking vec(-) on both sides of (7) and using the fact that M;, i € A/, are nonsingular, we get

N r N
pilk+1) = =M" > (A5 @ Aa)pi(k) — 9M; o= MY Sy (A5 @ A )p(k) — M; g,

j=1g#i =1 j=1
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where p;(k) = vec(P;(k)) and g; = vec(Q;). The above iterations can be written in the following compact form
p(k+1)=M"Wp(k) + M 'q=Tpk) + M 'q, (16)

by denoting p(k) = ¢ (P(k)) and g = ¢(Q). Clearly, the above iteration converges if and only if p(T) < 1. Moreover, if it con-
verges to a constant denoted by P, then P" must satisfy Eq. (3). The proof is finished by our assumption that Eq. (3) has a
unique solution. O

In [22], the authors considered the following matrix equation
N
A}(Znijpj>AiPi+si=0, ieN, (17)
=1

where S; > 0, i € NV, are given matrices, associated with the discrete-time Markovian jump linear system
x(k+1) = A0Kk))x(k), (18)

where {0(k),k > 0} is a discrete-time homogeneous Markovian chain as defined for system (2) and A; = A(6(k) = i). The fol-
lowing implicit iteration was proposed there to obtain numerical solution of Eq. (17):

N
n,—iA,-TPi(k-s—1)A1-—P,-(k+1)+A,-T</Z 7r,-jP]-(k)>Ai+Si0, ieN. (19)
j=1,j#i

We notice that the above iteration is a special case of (7) by setting s =0 and }; = 0, i € NV. Then based on Theorem 2, the
following corollary can be obtained immediately regarding the convergence of iteration (19).

Corollary 1. If the discrete-time Markovian jump linear system (18) is mean square stable, then the iteration in (19) converges to
the unique solution P* = (Py,P;,...,Py) € R'" of Eq. (17) for any initial condition P(0) = (P1(0),P2(0),...,Py(0)) € C™".

To judge the convergence of iteration (19), the main results in [22] (namely, Theorem 1) which can be regarded as a spe-
cial case of Theorem 3 relies on eigenvalues of an auxiliary matrix of dimensions n?N. Different from that result, our result in
Corollary 1 is very neat and simple.

4. Continuous-time Lyapunov equation

In this section we consider the It6 differential equation with Markovian jumps,
T
dx(t) = Ao(O()x(t)dt + Y Ak(0(6))X()daxc(t), (20)
k=1

where x(t) € R" is the system state, wy(t) € R, k € {1,r} are sequences of real random variables defined on a complete prob-
ability space {Q,F,u} and are independent wide sense stationary, second-order processes with E{w;(t)} =0 and
E{wi(t)w;(s)} = 9, i,j € {1,r}, and {0(t),t > 0} is a continuous-time discrete-state Markovian process taking value in finite
set A/ with transition probability rate matrix IT = [m],y Satisfying

T = 07 l?’é],
T[ij<0, i:j,
N

ZTEU =0.

=
Let the initial condition for the system (20) be x(0) = x, and 0(0) = 6.

Definition 4. The continuous-time Markovian jump It6 stochastic system (20) is asymptotically mean square stable (AMSS)
if for any xo € R" and 0y € N, there holds

lim E{p(t)|} =0,

where x(t) = x(t, X0, o) is a sample solution of the system.
It is well known that the mean square stability of the continuous-time Markovian jump It6 stochastic system (20) is clo-
sely related with the following continuous-time stochastic Lyapunov equation

r N
A.(l]-iPi + PiAoi + ZAL-P,‘A/(,' + Z 7'5,‘ij = —Qi, ie N, (2])
=1 =

as the following lemma shows.
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Lemma 3 [27]. The continuous-time Markovian jump Ité stochastic system (20) is mean square stable if and only if the
continuous-time stochastic Lyapunov equation (21) has a unique solution P = (Py,P,,...,Py) € R'*" for any given Q =

(Q17Q27'*'7QN) € Rixn.

Lemma 3 presents an elegant characterization for the mean square stability of the continuous-time Markovian jump It
stochastic system (20) via solutions of the stochastic Lyapunov equation (21). However, similar to the discrete-time case,
solving such equation is not an easy task, especially, if the dimensions of the system and/or the number of r and N are large
enough. In this section, we will present iterative algorithm to solve this class of equations.

4.1. Direct iteration based on transformation

To present our first result, we need an auxiliary result. Let 0 < o; ¢ 0 (Ao; +5t1,), Vi € NV, be a set of scalars and

n,.
Aoi = (Otiln + Agi + 7”In>Ti7 Avi = V206AkTi,  Bi = /20T,

where

" -1
T, — (ailn—%ln—AOi> , VieN.

Define operator H : R™" — R™" as
H(P) = (H1(P), H2(P), ..., Hn(P)),

Hi(P) = Z ALPiAg + Bf (XN: m,—P,-) Bi, VieN, (22)
5=0 T

where P = (Py,P,,...,Py).
Lemma 4. P = (P1,P,,...,Py) € R"*" is a solution of Eq. (21) if and only if it is the solution of equation

P="H(P)+Q, (23)
where

Q = (B]Q,B1,B5Q,5,, ..., ByQyBy). (24)
Proof. Set

T N
Coi = Ao+ 5 In, Qi = > mPi+ Q.

j=1jA
Let P be a solution of (21). Then for any i € N,
(ctiln — Co)"Pi(0tily — Coi) = 0Py — 04CoyPi — 0iPiCo; + CoyPiCoy
.
= OCiZPi + CgiP,'C(),‘ + OC,'P,'C(),' + OC,‘C-(I)-,«P,' — 0 (P,‘Cm + C-(l;ip,') -+ O <Q: + ZA;PiAsi>

s=1

= (O{iln + Co,‘)TPi(OC,'In + COi) + 2%’ (Q: + ZA;P,Aﬂ) .

s=1

Since o; ¢ 0 (Ao + Z1,), Vi€ N, we get from the above equation that

,
P; = (o4l — Coi) " (04l + Cor) "Py(04l + Coi) (ol — Cor) ™" + 201041 — Cop) " (Q; + ZA;P,»Asi> (ol — Coi)™"
s=1

r N
= AgPidoi + Y AGPiAs + B ( > n,,P,-) Bi + B QiB; = Hi(P) + B{QB;,

s=1 1y
which implies that P also satisfies (23). Since the above process is reversible, the proof is completed. O

Based on the above lemma, we can present the following result regarding iterative solution of Eq. (21).

Theorem 4. Assume that the continuous-time Markovian jump It6 stochastic system (20) is mean square stable and
P* = (Py,P;,...,Py) € RI*" is the unique solution of Eq. (21). Let
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P(k+1)=H(P(k)) +Q, P(0)eC™", (25)
where ‘H and Q are defined in (22) and (24), respectively. Then {P(k)},-, converges and limy_...P(k) = P".

Proof. If P* € R7*" is the solution of Eq. (21). Then it follows from Lemma 4 that P* satisfies

H(P)-P" =-0Q.
Notice that 7 is a positive linear operator. Then it follows from Lemma 1 that
P(H) < 1.

Then similar to the proof of Theorem 1, we can show that the iteration in (25) converges to the unique solution P*. The proof
is finished. O

Obviously, when o, i € NV, take different values, the asymptotic exponential convergence rate of iteration (25) is differ-
ent. One may ask whether there exist «;, i € A, such that the asymptotic exponential convergence rate of the iteration is
maximized. The following result answers this question partially.

Proposition 2. There exists at least a set of o;, i € N, such that the asymptotic exponential convergence rate of the iteration in
(25) is maximized.

Proof. By taking ¢(-) on both sides of (25), we obtain
p(k+1) = Hp(k) + Bq,
where p(k) = @(P(k)), = ¢(Q)

- -
YAa®Aq TRBi®Br - TnB1 ® By
s=0
.
B @By Y Ao ®An -+ TanB®B;
H= = : (26)
: : o
By @By TineBN @By -+ Y An Q A
L =0 i

and
B= diag(B1 ®B1,By @ Bs,...,By ®BN).
Hence, clearly, the asymptotic exponential convergence rate of the iteration is — In(p(H)). Denote

&) = (Ao + 5 T) @bt o (A +5l0) + 3 As 0 A

Then, for any i € A, we can compute

D AG® Ag = Ao ® Ao+ > A ® A = (el + Cor) (%iln — Co)) ™" ® (oil + Coi) (0tiln — Cor) ™!
5=0 k=1

+ > V20Ai(ctoln — Coi) ' @ v/2eAw (%ol — Cor) ™!
k=1

= ((OC,‘IH + Coi) @ (otily + Coi) + 204 ZASi ®A5i) (ol — Co,‘)i1 ® (oiln — C()j)71
s=1

= ((0ly 4 Coi) ® (ol + Coi) + 20(Ei(A) — Coi @ In — I @ Cop)) - (0l — Coi) ™" @ (0l — Cor) ™'

= (0212 — 04Coi @ In — oly @ Coi + Coi @ Coi + 204Ei(A)) - (il — Coi) " @ (otily — Cor) ™!

= (0l — Coi) ® (ouly — Coi) + 204Ei(A)) (%l — Cor) ™" @ (il — Cor) ™"

=Ip + 206E(A) (il — Cor) ™' ® (0l — Cop) ™" (27)
With this, we clearly see that

r

Hm Y Ai @ Ag =1z, VieN. (28)

o;—0" =0
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On the other hand, we know that there exists a set of scalars g; € (0,00), Vi € NV, such that H CO,H < 1is satisfied for all
o > B, Vie N. Since (see, for example, [31])

co,->*1 1 .
I, —— <————, VieN,
'( % 1= |15 Coill
we can compute
. Cor\ ' Coi\ ' G
1204€i(A) (il — Cor) " @ (el — Cor) | = H Ei(A )(1 - ;0,') ® <1n - ??) Hs ||H 1 fﬂ
1 1
2 1 ) _s8
<= EA| —=——| <=|&A)|, VieN.
e (1 - |%C0i”> 2 €]
Therefore, we get
lim 204€i(A) (04l — Co) ' @ (ol, —Co) ' =0, VieN.
Hence, in view of (27), we conclude that
11}151; Z Ai® Aq =12, VieN. (29)
On the other hand, we can obtain
Bi ® Bi = v/20(ctily — Coi) ' @ v/20t(ctil, — Coi) ™' = 2040ty — Coi) ' @ (0 — Coi) ™', Vie N
Then similar to (28) and (29), we are able to show
lim B,@B,_llm&@&_o VieN. (30)

o;—0"
Combining (28)-(30) gives
lim H= lim H=1.y, VieN.

o —0" %—00

Since p(H) < 1is true forall &; > 0, Vi € N/, there exists at least one o;; > 0, Vi € V, such that p(H) is minimized, namely, the
asymptotic exponential convergence rates of iteration (25) is maximized. The proof is finished. O

However, how to compute the optimal scalars o}, i € N, is not clear at present and requires a further study.
4.2. Implicit iteration

In the above subsection, an iterative algorithm is proposed by using an auxiliary transformation, which may require addi-
tional computation. In this subsection, similar to the discrete-time case, we propose an alterative iterative algorithm without
transformation.

We begin our development by noting that the stochastic Lyapunov equation (21) can be written as

N
AP+ PiA; = ZATPASl - WP - BPi— Qi i€N,
j=1g#i
where
_py Ty b

A17A01+ 2 In 2111

Based on this presentation, we can construct the implicit iteration:
N
TPik+1)+Pi(k+1)A ZA ()As — > mPi(k) — BiPi(k) — Q;, i€ N. (31)
joljAi

Notice that at every step of the iteration, N standard continuous-time Lyapunov equations in the form of

AX+XA=-Z, Z>0 (32)

should be solved. Fortunately, there are many numerically stable algorithms for solving such equations. One of the most
effective methods is the well-known Hessenberg-Schur form based approach ([9]) which has been imbedded in the Matlab
function 1yap.

Regarding the convergence of the algorithm (31), we have the following result.
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Theorem 5. If the continuous-time Markovian jump It6 stochastic system (20) is mean square stable, then for any ; > 0, i € N,
the iteration in (31) converges to the unique solution P* = (Py,P5,...,Py) € R'“" of the continuous-time stochastic Lyapunov
matrix equation (21) for any initial condition P(0) = (P1(0),P2(0),...,Pn(0)) € C"*".

Proof. Define the operator R as

R(P) = (R1(P),R2(P),...,Rn(P)),

Ri(P) = A{Pi+ Pidi, i€N,
and the operator S as

S(P) = (81(P), S2(P),...,Sn(P)),

r N
Si(P) =Y _APAG+ Y mP+ piPi, i€N,
s=1 jo1g

where P = (P, P,...,Py). We notice that S(P) is a positive operator. Then the rest of the proof is similar to the proof of The-
orem 2 and is hence omitted for brevity. O

The following two remarks for iteration (31) parallel those in Remarks 3 and 4.

Remark 5. Under the condition of mean square stability of the continuous-time Markovian jump Itd stochastic system (20),
numerical experiences show that the smaller the values of g;, i € NV, the faster the iteration in (31) converges. Hence, similar
to the discrete-time case, we can choose f; =0, i e NV.

Remark 6. Similar to the discrete-time case, the mean square stability of system (20) is only a sufficient condition for the
convergence of the iteration in (31). An illustrative example can be constructed as follows: Let N=1, n=1and r = 1. Then
Eq. (21) becomes

AGP + PAy = —A(PA; - Q,

where A; # 0. The iteration in (31) can then be written as

—A? - 1
P+ 1) = =g PO — 55 —5Q >0,

which converges if and only if
) —AT- B\ _ AT+
2A0 - B 2A0 - B
On the other hand, the associated continuous-time Markovian jump Itd stochastic system (20) is mean square stable if and
only if
240 + A3 < 0. (34)

<1 (33)

Inequality (34) implies (33) but the converse is not true. For example, if we choose 8 =0 and Ay = Af, then (33) is satisfied
but (34) is not satisfied.

Based on Remark 6, we can also generalize Theorem 3 to iteration (31) by providing necessary and sufficient condition for
its convergence. Similarly, we let

E = —diag{E;,E;, ..., En},

with E; = I, ® Aoi + Aoi ® In + (T — B;)] 2, and denote

G=E'v, (35)
where
Vi Mol s Tl
7T21Inz V22 s szNInz

TNl e Tnn-1lz  Vin
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with Vi = 37} A ® Aki + Bil,2, 1 € N. Similar to the discrete-time case, we should assume that > ® A; + A; ® I, = E is non-
singular. The above assumption is again not restrictive since we can always find g;, i € A/, such that it is satisfied. We have
the following theorem, its proof is similar to that of Theorem 3 and hence omitted.

Theorem 6. Assume that the continuous-time Markovian jump It6 stochastic system (21) has a unique solution P* =
(P1,P5,...,Py) € R™™. Then for any initial condition P(0) = (P1(0), P5(0),...,PyN(0)) € C™", the iteration in (31) converges to P*
if and only if p(G) < 1. Moreover, the asymptotic exponential convergence rate of iteration (31) is —In p(G).

5. Numerical Examples

In this section, we work out two numerical examples to validate the effectiveness of the proposed algorithms.

Example 1. Consider the discrete-time Lyapunov equation (3) with N=2, r=1, Q; = Q, =I4, and

03 0.7
08 02]
The coefficient matrices A;, i =0,1, j = 1,2 are randomly generated by Matlab:

|

[—0.2854 -0.0409 0.3464 0.00320 7
Ay — -0.4621 0.3521 0.09170 -0.0220 7
-0.2135 -03569 0.4254 —-0.4799
| —0.0975 04726 -0.4324 0.0353 |
[—0.0240 -0.0354 0.2295 -0.00417
Aoy = 0.1039 0.2905 0.1248 —-0.3693 7
-0.3534 0.2842 -0.4000 -0.2181
L 0.0337 -0.0222 -0.2950 -0.1377 ]
[ 0.2663 0.2283 —-0.1163 0.2558 T
Ay — -0.1242 -0.2103 -0.0799 -0.0284 7
—0.1655 0.0055 0.2577 0.1995
1 —0.0447 -0.0318 0.1742 —-0.2439 |
[—0.4347 0.4695 0.0237 0.3432
App — -0.1249 -0.1579 -0.3366 0.3062
-0.1265 -0.2473 -0.0136 0.3578
L—0.0160 0.0849 —-0.0039 0.1098

We first use the implicit iteration (7) to produce approximate solutions of Eq. (3) with different values of y;, i =1,2. The
results are recorded in Fig. 1 where the y-axis corresponds to the iteration error log(A(k)) with

log(A(k))

steps

Fig. 1. Convergence performance of implicit iteration (7) for different values of y;, i € V.
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a0 =/ |3 (3w - R

From the figure we see that different values of y;, i = 1,2, lead to different convergence rates of the iteration. Especially, we
see that the convergence rate of the iteration is maximized if y; = y, = 0. Our observation has been confirmed by a couple of
numerical examples that are not recorded in this paper. For this reason, we can simply choose y; = 0 in iteration (7) as Re-
mark 2 states. For y, = 7, = 0, the iteration error is [|A(40)|| = 4.2620 x 10~ " and the resulting approximate solution is given

by

r 1.7520 -0.0374 -0.3924 0.2664 T

P, (40) = -0.0374 2.2980 -0.8302 0.6242 7
-0.3924 -0.8302 2.2450 -0.4910

L 0.2664 0.6242 -0.4910 1.8180 |

r 1.6970 -0.4055 03677 —0.36067
P, (40) — —0.4055 1.8790 -0.0550 -0.1827
03677 -0.0550 1.8370 -0.0578

L-0.3606 -0.1827 -0.0578 1.8440 |

Next we compare our proposed algorithms (4) and (7) to the gradient based iterative algorithm presented in [28]. Here we
choose y; =0, i = 1,2 in iteration (7) and the step size in the gradient based iteration of [28] is chosen as the optimal one.
The results are recorded in Fig. 2. We can observe the following two facts from the figure: 1. The implicit iteration in (7) con-
verges faster than the direct iteration in (4) and the gradient based iteration in [28]; 2. The accuracy that the implicit iter-
ation in (7) can achieve is better than that of the direct iteration in (4). This is because the accuracy of the implicit iteration
relies on the accuracy of solutions of the normal discrete-time Lyapunov equation in the form of (8). Based on these two
facts, we suggest to use the implicit iteration in (7) if the requirement on accuracy is not so demanding. Otherwise, we
should use the direct iteration in (4).

Example 2. Consider a continuous-time Lyapunov equation in the form of (21) with N=2, r=2, Q; = Q, =I4, and
-0.6 0.6}

1 -1
The matrices Ag; and Ag, are chosen as Hurwitz stable matrices, namely,

|

—1.0000 -1.0000 -—-2.0000 1.0000

4 _ | 06667 ~35000 1.0000 11670
%~ 1 10000 05000 -3.0000 0.5000 |’

—2.0000 -2.5000 1.0000 —2.5000

5 T T T T

= = = Gradient based iteration
ofs~ o ——e— Implicit iteration i
R Direct iteration

-15}

log(A(k))

_25 - 4
_30 - 4
_35 - \ 4
_40 1 1 1 1
20 40 60 80 100
steps

Fig. 2. Comparison of convergence rates for different iterative algorithms for discrete-time stochastic Lyapunov equation (3).
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-1.3333 1.0000 -2.0000 0.3333
0.0000 -3.5000 1.0000 1.5000
1.0000 1.5000 —4.0000 -0.5000 |’

—-1.3333 -3.5000 1.0000 -1.1667

while the matrices Ay, and A, are generated randomly by Matlab:

All =

Ap =

We first study the convergence of the transformation based direct iteration in (25) for different values of «;, i € N. The spec-
tral radius of the matrix H defined in (26) as a function of «; and o, is plotted in Fig. 3. Clearly, we see that there exist «; and
o such that p(H) is minimized, namely, the convergence rate of iteration (25) is maximized. The optimal values are approx-
imately equal to o; = 2.7 and o, = 3.0. This statement is further approved by Fig. 4 in which the convergence performances

[ 09003 0.7826 0.6428  0.8436 T
-0.5377 05242 -0.1106 0.4764
02137 -0.0871 0.2309 -0.6475 |’

L —0.0280 -0.9630 0.5839 —-0.1886 |

[ 0.8709 —-0.8842 —-0.7222 —-0.45567
0.8338 -0.2943 -0.5945 -0.6024
-0.1795 0.6263 -0.6026 —0.9695

L 0.7873 -0.9803 0.2076 0.4936 |

of the iteration for different values of o;, i = 1,2 are recorded. Here the y-axis is log(A(k)) with

e T
% 10 15 10 15 2
00

g

Fig. 3. Spectral radius of matrix H defined in (26) for different values of o;, i € NV.

5 T T T T T
—_—— (x1=2.7, oc2=3.0

—a— (x1=0(2:0A8 L
- -(11=0(2=1A5
ot1=ot2:5

log(a(K)
5

10 20 30 40 50 60
steps

Fig. 4. Convergence performances of direct iteration (25) for different values of «;, i € N.
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2

r N
APi(k) + Pilk)Aoi + > AgPil)Ai + > miPi(k) + Q;
k=1 j=1

A(k) = \J >
i=1

Moreover, when «;, i = 1,2 are taken as the optimal values and the initial conditions are chosen P;(0) = P,(0) = 0, we can
obtain the approximate solution as

F

[ 0.6062 -0.1174 -0.1992 0.0301 T
P,(50) = -0.1174 03156 0.0937 -0.0175
-0.1992 0.0937 04302 0.1149 |’
L 0.0301 -0.0175 0.1149 0.3843 |
[ 0.5396 -0.0148 -0.2386 —0.06897
P>(50) —0.0148 04183 0.0473 -0.1514
—0.2386 0.0473 03474 0.1163
| —0.0689 -0.1514 0.1163  0.3898 |

The iteration error is ||A(50)|| = 4.3034 x 107 ">,

We next study the implicit iteration in (31). For different values of §; and $,, the convergence rates of the iteration are
recorded in Fig. 5. Similar to the discrete-time case, from the figure we can conclude that the smaller the values of g;, the
faster the iteration will converge.

-35 L L L L L L L
0 10 20 30 40 50 60 70 80

steps
Fig. 5. Convergence rates of implicit iteration (31) for different values of g;, i € N.
5 T T T T
O T == === __ 7
_5 -
_10 B
§ = = = Gradient based iteration
2 -15} —o— Implicit iteration E
E’ Direct iteration based on transformation|
_20 - B
_25 - -
_30 - B
N
_35 . . " "
0 20 40 60 80 100
steps

Fig. 6. Comparison of convergence rates for different algorithms for stochastic Lyapunov equation (21).
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Finally, we compare the proposed direct iteration in (25) and the implicit iteration in (31) to the gradient based iteration
given in [28]. Again, we see from Fig. 6 that the implicit iteration can lead to the fastest converge rate while the transforma-
tion based direct iteration can lead to more accurate approximate solutions.

6. Conclusion

This paper has considered the numerical solution of Lyapunov equations for Itd stochastic systems with Markovian jump
which includes the Markovian jump system as a special case by using positive operator theory. Two iterative algorithms are
established for Lyapunov equations in both discrete-time and continuous-time cases. If the associated stochastic system is
mean square stable, it is shown by using positive operator theory that these algorithms converge to the unique solution of
the Lyapunov equation. The proposed algorithms are very efficient in obtaining numerical solutions and may take important
functions in related control problems. Some numerical examples are given to validate the effectiveness of the proposed
methods.
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