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ARTICLE INFO ABSTRACT

Keywords: Two iterative algorithms are presented in this paper to solve the minimal norm least
Iterative algorithm squares solution to a general linear matrix equations including the well-known Sylvester
Gradient matrix equation and Lyapunov matrix equation as special cases. The first algorithm is
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based on the gradient based searching principle and the other one can be viewed as its dual
form. Necessary and sufficient conditions for the step sizes in these two algorithms are pro-
posed to guarantee the convergence of the algorithms for arbitrary initial conditions. Suf-
ficient condition that is easy to compute is also given. Moreover, two methods are
proposed to choose the optimal step sizes such that the convergence speeds of the algo-
rithms are maximized. Between these two methods, the first one is to minimize the spec-
tral radius of the iteration matrix and explicit expression for the optimal step size is
obtained. The second method is to minimize the square sum of the F-norm of the error
matrices produced by the algorithm and it is shown that the optimal step size exits
uniquely and lies in an interval. Several numerical examples are given to illustrate the effi-
ciency of the proposed approach.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Linear matrix equations play an important role in linear systems theory. For example, the Sylvester matrix equation
AX + XB = C can be used to solve many control problems such as pole assignment [11], robust pole assignment [1], eigen-
structure assignment [12] and fault detection. Its special forms include the well-known Lyapunov matrix equation
AX + XA" = —C which has very important applications in stability analysis of linear systems [23].

Due to the important applications of this class of linear equations, many methods have been developed in the literature to
provide both analytical and numerical solutions. For analytical solutions, Desouza et al. [5] have used the controllability and
observability matrices to construct solutions to this class of equations. Besides analytical solutions, numerical methods
for solving linear matrix equations are also well investigated in the literature. For example, by using the hierarchical
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identification principle, iterative algorithms are proposed in [6,8,9] to solve general linear matrix equations and coupled Syl-
vester matrix equations. For more references on this topic, see [13,16,18-20] and the references therein.

However, to the best of our knowledge, few results can be found in the literature for the following general linear matrix
equation

r S

> AXBi+» CX'Dj =E, (1)
i=1 j=1

where A; € R”™ B; e R™,C; e RP",D; e R"™i=1,2,...,1,j=1,2,...,s,and E € R"*? are known matrices and X ¢ R™" is a

matrix to be determined. Only some special cases of (1) were considered very recently. In [21], the following linear equation

AXB+ CX'D =, (2)

where A, B, C and D are some known constant matrices of appropriate dimensions and X is a matrix to be determined, was
considered. A more special case of (2), namely, the matrix equation AX + X"C = B, was investigated by Piao et al. [17]. The
Moore-Penrose generalized inverse was used in [17] to find explicit solutions to this matrix equation. These results, how-
ever, are difficult to be extended to the more general case (1).

In this paper, we consider least squares solutions with minimal norm to the general linear matrix Eq. (1) by using iterative
methods. In detail, we will solve the following least squares problem

min
XeR™M

i AXB; + 25: CX'Dj—E
i=1

j=1

F

Generally, solution to the above problem is not unique (see [4] for vector case). Therefore, we would like to search for the
solution among them having the minimal norm, which is known as minimal norm least squares solution.

Using iterations to approximate exact solution to matrix equation has been well studied in the literature. For instance, the
matrix sign function method was used in [3] to provide iterative solutions to the algebraic Riccati equations, cyclic Schur and
Hessenberg-Schur methods were used in [2] to solve the periodic Lyapunov and Sylvester equations, the hierarchical identifi-
cation principle, Hadmad product and star product were used in [6] to construct iterative algorithm for solving general Sylves-
ter matrix equations and coupled Sylvester matrix equations, and an iterative algorithm was also proposed in [22] to solve the
coupled discrete-time Markovian jump Lyapunov matrix equations. All these mentioned iteration based methods, however, are
not directly applicable to obtaining the minimal norm least squares solution to the general linear matrix Eqs. (2) and (1).

In this paper, we also search for numerical solutions to the problem stated above by using iterations. Two iterative algo-
rithms are proposed. Necessary and sufficient conditions that the step sizes in the algorithms should be satisfied to guaran-
tee the convergence of the algorithms are presented. Moreover, we also provide two methods to choose the optimal step
sizes in the algorithms such that the convergence rate, which is properly defined in this paper, is maximized. Some numer-
ical examples are given to show the effectiveness of this method. Our results generalize our early results [15]. The merits of
the proposed algorithms include: (1). They can be easily constructed without any factorizations on the coefficient matrices;
(2). Only matrix multiplication is required during the iteration; (3). Convergence of the algorithms can be guaranteed pro-
vided the step sizes in the algorithms are small and (4). The optimal step sizes in the algorithm such that the convergence
rates are maximized are given explicitly.

The remainder of this paper is organized as follows. Problem formulation is given in Section 2. The iterative algorithms to
the problem and their convergence properties are proposed in Section 3. In Section 4, which contains two subsections,
namely, Sections 4.1 and 4.2, we respectively give two methods to find the optimal step size such that the convergence rate
of the algorithm is maximized. Some numerical examples are worked out in Section 5 to illustrate the effectiveness of the
proposed algorithms and Section 6 concludes the paper.

Notations: Throughout this paper, we use A", tr(A), p(A), 2(A), |Ally, |All,, Null(A), Image(A), Gmax(A) and o yin(A) to denote
the transpose, trace, the spectral radius, the eigenvalue set, the Frobenius norm, the 2-norm, the null space, the image space,
the maximal singular value and the minimal singular value of matrix A, respectively. The notation P > 0 means that P is sym-
metric and positive definite. I, denotes an identity matrix of dimension n. If the subscript is omitted, the dimensions are con-
sistent with the context. The Kronecker product of two matrices A and B is denoted by A ® B. The stretching function vec(A)
where A = [ay,0,, ..., ay] is defined as vec(A) = [a], al,. .. ,a;]T. Let A be a nonsingular matrix. Then the condition number of
A is defined as cond(A) = Zmax@),

min (A)
2. Problem formulation

Consider the following general linear matrix equation

r S
> AXBi+Y CX'Dj=E, 3)

i=1 =
where A; e R”", B e R™, e RP”".D; e R™,i=1,2,...,1r,j=1,2,...,s,E € R are known matrices and X € R™" is a

matrix to be determined. The problem we are interested is stated as follows.
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Wmin = Min { } (4)
XERITIX" F

Find a matrix X € R™" such that ||X||; is minimized and

Xr: AXB; + Zs: CX'Dj —E

i=1 j=1

Problem 1. Let

iA,—XB,— + i CX'D; —E
i=1 j=1

= Wiin- ()
F

Before giving solutions to Problem 1, we first introduce the following lemma.

Lemma 1 [4]. Let X € R™" be any matrix. Then
vec(X") = P(m,n)vec(X),

where P(m,n) is uniquely determined by the integers m and n. Moreover, the matrix P(m,n) has the following properties.

1. For two arbitrary integers m and n, P(m,n) has the following explicit form

Ey Ep - E,
Ey E, - E
P(m7 n) _ .21 22 2n
E—rrnl EE-nZ E—rrnn mnxmn

where Ej,i=1,2,...,m,j=1,2,...,n is an m x n matrix with the element at position (i,j) being 1 and the others
being 0.
2. For two arbitrary integers m and n, P(m,n) is a unitary matrix, i.e.,

P(m,n)P'(m,n) = P"(m,n)P(m,n) = In,.

3. For two arbitrary integers m and n, there holds P(m, n) = P"(n, m).
4, Let m,n,p and q be four integers and A € R™",B € R"*9. Then

P(m,p)(B® A) = (A B)P(n, q).
By using the Kronecker product, Lemma 1 and the well-known formulation
vec(AXB) = (B' ® A)vec(X), (6)

the linear matrix Eq. (3) can be converted to the vector form Yx = e with x = vec(X),e = vec(E) and
T S
=% (B,T ®Ai) +3° (D} ® cj)P(m, n) € RP™. (7)
i—1 =1
With these notations, the expression in (4) can be rewritten as
Win = MIN || YX — vec(E) . (8)
xeR

As a result, Problem 1 can be restated as the following new problem.
Problem 2. Let @, be defined as (8). Find a vector x € R™ such that ||x||; is minimized and
| Yx — vec(E)|l = Wmin- 9)

Regarding solution to Problem 2, we have the following simple result whose proof is omitted (see, for example, [4]).

Lemma 2. Problem 2 has a unique solution x., given by x,. = Y*vec(E) where Y" is the unique Moore-Penrose inverse of Y.
Especially, if

rank(Y) = mn, (10)
then the unique solution is given by

X = (Y)Y vec(E), (11)
and if

rank(Y) = pq, (12)
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then the unique solution is given by
T vy Ty -1
X = Y (YY) 'vec(E). (13)
In the remaining of this paper, the unique solution to Problem 1 is denoted by X... Clearly, we have

X =vec(Xy). (14)

3. Iterative solution to Problem 1

The basic idea of our method is to use the gradient based iteration to approximate the exact solution to Problem 1. Denote

2
-l T S
=5 > AXBi+Y CX'Dj—E
i=1 j=1 F

Then the gradient of J(X) can be easily computed. The result is given as the following lemma whose proof is omitted for
simplicity.

(15)

Lemma 3. The gradient 2 where J(X) is defined as (15), is given by

r S
L =S A8+ DATXIG, (a8
i=1 j=1
where
r S
=Y AXB,+> CX'D —E. (17)

v=1 =1
Then our gradient based iterative algorithm can be constructed as follows:
X(k) =X(k—1) (ZAT X(k—1)) BT+ZDAT kl))C) (18)
j=1
where p is the step size to be specified later and
ZA X(k)B +ZC,XT \D; — E. (19)
=1

We then have the following result regarding the convergence of iteration (18).

Theorem 1. Assume that (10) is satisfied. Let X(k),k = 1,2, ... be iteratively given by (18) with initial condition X(0). Then X (k)
converges to X, i.e., limy_X(k) = X.., for arbitrary initial condition X(0) if and only if

2

0<H<Mmax:ma (20)
where Y is defined as (7).
Proof. Taking vec on both sides of (19) and using Lemma 1 gives
vec(A(X(k))) = Yvec(X(k)) — vec(E). (21)
Similarly, it follows from (18) that
vec(X(k)) = vec(X(k— 1)) — “(.rl (Bi ®AiT) + .sl (CJT ® Dj)P(p,q)>vec(A(X(k -1))). (22)
- =

By using Lemma 1, we have

S

3 (G e D). =Pmm Y (05 C). -

= =1
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Therefore, (22) can be written as

vec(X(k)) = vec(X(k — 1)) — ,u< r (Bf ®A3) Pm)S

i=1 j=1

(be c})) vec(AX(k — 1))

r

s T
= vec(X(k—1)) - u (Z (BiT ®Ai) +3 (DjT ® cj)PT(m m)) vec(A(X(k — 1))

i=1 j=1

r

s T
= vec(X(k—1)) - M(Z (B,-T ®Ai) +y (DJ.T ® C,-)P(m, n)> vec(AX(k — 1))
=

i=1

=vec(X(k — 1)) — uY"vec(A(X(k — 1))). (24)
Inserting (21) into (24) gives
vec(X(k)) = (I — pY"Y)vec(X(k — 1)) + uY vec(E). (25)
Then it follows from (11) that
Y'rvec(X,.) = Y'vec(E). (26)

Hence, by substituting (26) into (25), we obtain

vec(X(k)) — vec(X..) = (I — uY"Y)vec(X(k — 1)) + uY" Yvec(X..) — vec(X,.) = (I — X" Y)(vec(X(k — 1)) — vec(X..)),
which, by denoting 2 = X — X, can be written as

vec(Z (k) = (I — uY™Y)vec(Z (k — 1)). (27)

Clearly, it follows from the above relation that lim,_...2'(k) = 0 for arbitrary initial condition 2'(0) if and only if I — uY™Y is
Schur stable, i.e., p(I— uY"Y) < 1. We note that I — uY™Y is a symmetric matrix. Therefore, we have i(I — uY™Y) =
{1 - uo?(X)}™ and

p(I— pX'Y) = max {|1 - paf(Y)[}.
Hence p(I — uY'Y) < 1 if and only if |1 — o2, (Y)| < 1 which is equivalent to (20). The proof is completed. O

Remark 1. If u = p,,, then the algorithm in (18) does not converge to X, for arbitrary initial condition according to The-
orem 1. Nevertheless, it converges to a matrix that is bounded in norm and dependent on the initial condition X(0). To see
this, we note that

M = P YTO) = {=1, 21, 22, 2},

where |4] < 1,i=1,2,...,p, and moreover, the algebraic multiplicity and geometric multiplicity for the eigenvalue —1 are
the same. Therefore, it follows from the discrete-time linear system theory (see, for instance, [14]) that the solution to the
difference Eq. (27) is bounded in norm for arbitrary bounded initial condition. This fact can also be observed in the examples
given later.

The following proposition can be obtained immediately.

Proposition 1. Assume that (10) is satisfied. Let u satisfy inequality (20) and X(k),k = 1,2,... be iteratively produced by the
iteration (18). Then

IX(K) = Xcllp < [IX(k = 1) = Xso[lp, k> 1. (28)
Proof. Denote

x(k) = vec(Z'(k)). (29)
Then it follows from (27) that

XT(k)x(k) = x"(k — 1)(I — uY™)*x(k — 1),
which can be equivalently written as

xT(k)x(k) — xT(k — Dx(k — 1) = xT(k — 1)F(u)x(k — 1),
with

F(p) = —pX™ (21 — ™).
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Note that p satisfies (20), then 2I — uYTY is positive definite. Since Y™ Y and 2I — uY"Y are commutable, the matrix F(y) is
symmetric and negative definite. As a result, we get
2 2

Ix()lI3 < [lx(k = 1)]f3,

which is equivalent to (28) as
2 2
IX|[F = llvecX)[;- O (30)

If we use || X(k) — X || to denote the distance between X(k) and X, then Proposition 1 indicates that the distance be-
tween X (k) and X, decreases monotonously as k increases. Therefore, the closer the initial condition to the exact solution
X, the fewer the iteration steps the algorithm will need. But it is difficult to guess an initial condition that is sufficiently
close to X... In practice, we can simply take X(0) = 0.

Though Theorem 1 provides a necessary and sufficient condition to guarantee the convergence of the algorithm (18), the
right hand side of (20) is difficult to calculate as the matrix Y may have very high dimensions. Therefore, we next provide a
sufficient condition that is easy to compute.

Corollary 1. Assume that (10) is satisfied. Let X(k),k=1,2,... be iteratively produced by the iteration in (18). Then
limy_, . X(k) = X holds true for arbitrary initial condition X(0) if

O<u<vzor0<,u<2 (31)
1

=,
V2

where v, and v, are, respectively, given by
r N
Vi = (r+5) (Z IBillz A3 +> |Dj§||cj||§>,
i=1 =

T S
V2 =Y |IBilla[lAillz + D ID; 211Gl 32)
i=1 j=1
and satisfy v3 < v

Proof. It follows from Lemma 1 that P(m,n) is a unitary matrix. Therefore,

zr: (BiT ®A,-) + JZ:: (D}.T ® Cj)p(m./ n)

i=1

> (en)

i=1

> (81 oh)

i=1

O-max(Y) = ‘

2

i (DJ.T ® C]->P(m, n)

j=1

<

X
<>
i=1

Since ||A ® B||, = ||All,||Bl,, we can further obtain

T N
Tmax(Y) < D [Bill Al + > IDj151Gillz, (33)
i1 =1

+
2

2
s

> (D,-T ® C,»)

=

+
2

B ®A,4H2 +jzs;‘DjT ®CJHZ.

2

which in turn implies that

r s 2 r S
Tmax(Y) < (Z IBill2 1Al +> ||Djz||Cj||z> <(r+s) (Z IBilZlIAZ + |Dj§||cj||§>7 (34)
i = i1 =

where we have used the following well-known inequality

p 2 p
(Z a,-) <p)_a.
i=1

i=1

Substituting (33) and (34) into (20) gives (31). The proof is completed. O

Remark 2. The matrix Y will have large dimensions if the matrices in the Eq. (3) have large dimensions. In this case, it is
difficult to compute the singular value of Y directly. This implies that the proposed iteration (18) may be not suitable for
large matrices by using Theorem 1 where the singular value of Y is required. From the point of selecting step size, Corollary
1 is more useful than Theorem 1.
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Clearly, if the relation in (10) does not hold, then the iteration in (18) will not converge. In the following, we will present
another iterative algorithm to solve Problem 1 when the condition in (12) is met. Our new iteration is constructed as follows:

Yk)y=Y(k—1)—u <iA,-A(Y(k —1)B; + Z GA(Y(k—1))D; — E> , (35)
i=1 j=1
where
A(Y (k) = iA}Y(k)B} + i:D,YT(k)Cl, (36)

v=1 =1

with initial condition Y(0) and step size u that is to be determined later. Regarding the convergence of iteration (35), we can
present the following result.

Theorem 2. Assume that (12) is satisfied. Let X, be the unique solution to Problem 1. Then the iteration (35) converges to a finite
matrix Y, for arbitrary initial condition if and only if

O<u< RN (37)
Furthermore, if (37) is satisfied and lim,_...Y(k) = Y., then
X = iA,-TYOCB,-T + iD,YLC,. (38)
i=1 =1
Proof. Taking vec on both sides of (35) gives
vec(Y(k)) = vec(Y(k — 1)) + pvec(E)
- ﬂ(Z (B,T ®A,-) + Z (DjT ® cj)P(m, n)) vec(A(Y(k — 1))
=vec(Y(k—1)) — uYvec(A(Y(k — 1))) + uvec(E). (39)
On the other hand, taking vec on both sides of (36) and using (23) gives
vec(A(Y (k) = <i (BioA) + ) (¢ = Dy)Pa, p)> vec(Y (k))
i=1 j=1
- (Z (Bi ® A,.T) +P(n,m) Z (Dj ® c}) ) vec(Y (k)
I:r1 5 Jj=1 :
_ (Z (B,.T ®Ai) + (Dj ® C})PT(n,m)> vec(Y(k))
i=1 Jj=1
r S T
- (Z (BiT ®A,-) + (Dj ® C})P(m, n)) vec(Y(k))
i=1 Jj=1
= Y"vec(Y(k)). (40)

Therefore, (39) can be written as
vec(Y(k)) = (I — pXY")vec(Y(k — 1)) + pvec(E).

Similar to the proof of Theorem 1, the above iteration converges if and only if (37) is satisfied. Moreover, when (37) is met,
we have

vec(Ys) = (YY) 'vec(E). (41)
On the other hand, similar to the procedure used in obtaining (40), we can deduce from (38) that

vec(X.) = Y'vec(Y.). (42)
Consequently, it follows from (41) and (42) that

vec(X..) = Y (YY") 'vec(E)

which clearly indicates that X, is the unique solution to Problem 1 in view of Lemma 2 and (14). O
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Remark 3. The iteration (35) can be regarded as the dual form of the iteration in (18). Similar results corresponding to Prop-
osition 1 and Corollary 1 to the iteration in (35) can be obtained, which are omitted for brevity.

Although Theorem 1 and Corollary 1 give conditions to choose the step size i to guarantee the convergence of the algo-
rithm (18), they do not provide a way to choose the “optimal” step size u such that the iteration in (18) converges fastest. In
fact, convergence rate is an important index for measuring the ability of an iterative algorithm. In the next section, we will
consider this problem in detail. As explained in Remark 3, iteration (35) can be regarded as the dual from of iteration (18), we
will only consider the iteration in (18) since corresponding results to iteration (35) can be obtained in a very similar way.

4. Convergence rate analysis of the algorithms
4.1. Convergence rate analysis by using spectral radius

Consider a linear iteration
X(k) =AX(k—-1)+B, X(k) eR*™", k> 1, (43)
where A and B are constant matrices with appropriate dimensions. It is well known that the iteration in (43) converges to a
finite matrix X, for arbitrary initial condition X(0) if and only if p(A) < 1 [4]. Moreover, the smaller the p(A), the faster the

iteration will converge. For this reason, the number — log(p(A)) is usually used to denote the convergence rate of the itera-
tion (43) [4]. For clarity, we firstly introduce the following definition for convergence rate of the iteration (43).

Definition 1 [15]. Assume that the iteration (43) converges to the unique matrix X, for arbitrary initial condition X(0). The
o-convergence rate for the iteration (43) is a scalar y = —log g with 0 < < 1 such that
IX(k) = Xecll, < KBIX(0) = Xooll,, k=0, (44)

and there exists at least one X(0) such that “=" hold in (44). In (44), K is a positive scalar independent of k and g, and o de-
notes a suitable matrix norm (e.g., x =2 or oo =F ).

Our next lemma shows that —log(p(A)) can indeed be used to denote the 2-convergence rate of the iteration (43) in a
special case. The proof is similar to the proof of Lemma 2 in [15] and is thus omitted.

Lemma 4. Consider the iteration in (43) where A € R™" is a real symmetric matrix with p(A) < 1 and X(k) = x(k) € R",Vk > 0,
is a vector. Then the 2-convergence rate of the iteration (43) is —log(p(A)) in the sense of Definition 1. Moreover, for arbitrary
initial condition x(0), there holds

1x(k) = x|l < P (A)]%(0) — Xcl,- (45)

We recall another technical lemma that will be used later.

Lemma 5 [15]. Assume that m;,i=1,2,...,n, are some given positive scalars. Denote Mmax = MaXicicn{m;} and
Mmpin = MiNy¢jcp,{m;}. Then

. Mumax — M
min  max{|1 —um;|} = % 11

O<u<z2 1<i<n Mmax + Mpin

(46)

Moreover, the unique uoy such that the above relation holds is

2

uopt =
Mmax + Mmin

Then we can prove the following result.

Theorem 3. Assume that (10) is satisfied. Let X(k),k = 1,2, ... be iteratively given by (18) with initial condition X(0) and step size
u satisfying (20). Then the F-convergence rate of the algorithm (18) is maximized if

2

= = = 47
W o = G2 ) + G2 @
Moreover, if p is chosen as (47), then
k
cond®(Y) — 1
X(k) —Xollp € [ —=——] IIX(0) —X,|lz, k= 0. 48
[1X (k) lle (condz(Y)H [X(0) e (48)

Proof. Note that [— uY'Y is a Schur stable and symmetric matrix. Therefore, it follows from Lemma 4 that
—log(p(I — uY™Y)) is the 2-convergence rate of the iteration (27). Hence, the 2-convergence rate of the iteration (27) is
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maximized if and only if —log(p(I — uY"Y)) is maximized, or equivalently, p(I — uY™Y) is minimized. That is to solve the
following optimization problem

min (o1 0™ = min { max 11 - pa?0)) . (49)

0<p<[max O<pi<fmax | 1<i<mn

We notice that (49) is in the form of (46). Therefore, according to Lemma 5, p(I — YY) is minimized if u is chosen as (47).
Moreover,

> 02, (V) —aZ (Y)  cond*(Y) -1 (50)

02:x(V) + 02, (Y)  cond*(Y) +1°
As a result, it follows from (45) in Lemma 4 that
Ix(0lly < p*(1 = a5 XY ) [X(O)] (51)

which is equivalent to (48) in view of (30) and (50). At last, we show that p = 1, satisfies the condition (20). Since Y is of
full column rank, we have omin(Y) # 0. That is &8, < [ty The proof is completed. O

p(1- g™

Remark 4. We recall the well-known Conjugate-Gradient (CG) method for solving the linear matrix equation
Ax =B, (52)

where A is positive definite. Let x., be the exact solution to (52) and x(k) be iteratively given by the CG method with initial
condition x(0) (see [4]). Then the CG iteration satisfies the following relation

k
cond(A) — 1
()~ el < 2<md(A)+1> 1%(0) %l (53)

where Hx||,§ = xTAx. It is very interesting to note that (48) is similar to (53). This similarity indicates that our method will
suffer the same problem as the CG method that the convergence performance becomes poor if A is badly conditioned. To
improve the convergence performance of the CG method when A is badly conditioned, the preconditioned CG method, which
is still a studying subject in the literature (e.g., [4]), is used instead. Our further study should adequately take this problem
into account.

For illustration of the proposed theory, see Example 1 in Section 5. However, i, is not always the optimal step size for
the iteration in (18). This can be observed by another simple example - Example 2 in Section 5. This phenomenon can be
explained as follows. We note that ug, is the solution to the following min-max optimization problem

min max{\l — ua?()[}.
O0<pi<fimax 1<i<N

This problem is quite similar to the well-known #, optimal control problem (which is also a min-max problem):

sup{Omax(T(j®))},

min
K(s) stabilizing G(s) ¢)eR

where T(s) = G11(s) + G12(S)K(s) (I — Ga2(s)K(5)) "' G21(s) with G(s) and K(s) being two rational and proper transfer function
matrices and G(s) admitting the following partition
Gi1(s) Gia(s
Gls) = { 11(s)  Gia( )}_
Gz] (S) Gzz(S)
Optimal solution to min-max solution is conservative in practice as it is optimal in the “worst case” which may not happen

at all. This fact in 7, optimal control problem has been emphasized in many references (for example, [10,23]). In this paper,
the “worst case” is that the initial condition X(0) should be chosen such that

A R e [

which is generally not satisfied in practice.
Therefore, we will give in the next subsection another approach to select the optimal step size u such that a more rea-
sonable objective function for measuring the convergence performance of the iteration in (18) is minimized.

4.2. Convergence rate analysis by using error square sum

It is nature to choose the following index function

Je(1.Xo) ZHXk ~ X3, (54)
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which can be understood as the square sum of the error of the iteration in (18), to measure the convergence rate of the algo-
rithm in (18). Obviously, the smaller the J.(u,Xo), the better the convergence performance of the algorithm (18) is. In this
subsection, we will study the property of J.(u,Xo) as a function of u and X,, and investigate how to choose the parameter
u such that J.(u,Xo) is minimized. First we need a compact expression for J. (i, Xo).

Lemma 6. Assume that Y is of full column rank and X(k),k = 1,2, ... are iteratively given by (18) with initial condition X(0) = Xo
and step size u satisfying (20). Let J.(it,Xo) be defined as (54). Then

Je(1.Xo) = X5Q(1)xo, (55)
where xo = vec(Xo — X...) and
Qu) = ,uYTT(ZI - ,uYTY>)71. (56)

Proof. Let X(k) and x(k) be related with (29). It follows from (27) that
X' (k)x(lk) = x5((I = Y™Y)) 0.

Therefore, in view of (30), we have

JeliXo) = S |12 ()|
k=0

=3 ) 2

k=0
= ixT(k)x(k)
k=0
=3 A= ) (57)

0
Since u satisfies (20), the matrix (I — Y™ Y)? is Schur stable and

(= YY) = (1= (= pXY')%) = Q(w). (58)

k=0
Substituting (58) into (57) gives (55). This completes the proof. O
We give another technical lemma whose proof is given in Appendix A.

Lemma 7. Assume that Y is of full column rank and p satisfies (20). Let Q(u) be defined as (56). Then
dQ(u)

T —2(pY"Yr 21— YY) (0 = 'O Y'Y, (59)
sz(/«l) -3y Ty -1 T -3 Ty 2 Ty —2
e - 8u(Y'Y) (21— puY V) (I — Y Y)T +2(u(21 — uY X)) (60)
Moreover, %Q(u) is positive definite.

Let Y admit the following singular value decomposition

Y =USVT, (61)
where U and V" are two unitary matrices and S is a diagonal matrix with the following partitions
o1ly, o - 0 V¥
0 o, - 0 V;
S=1 . o S vi=| T, (62)
0 0 e O-hI”II V;[‘[‘
in which 61 > g3 > --- > g, > 0 are the singular values of Y and v;,i =1,2,...,h, satisfying Z?:] v; = mn, are some positive
scalars representing the multiplicities of the corresponding singular values g;,i=1,2,...,h. Hence om.x(Y) = 0; and
Gmin(Y) = Op.

Theorem 4. Let Y be of full column rank and X(k),k = 1,2, ... be iteratively given by (18) with initial condition X(0) and step size
L satisfying (20). Assume that Xo # X. Then there exists a unique optimal value

(0, lpax) ViXo #0

63
(07 :umax] V.{XO =0 ©

Hopt = Hopt(Xo) € {
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such that the index function J.(u,Xo) defined as (54) is minimized. Furthermore, the optimal value ug; has the following
estimation

1 ess 1
(o) = S gz oy

2
Ohax min

(64)

Proof. Denote x, = vec(Xo — X..). Since u satisfies (20), it follows from Lemma 7 that 4 iz Q( ) is positive definite. As
Xo # X, = Xo # 0, we conclude that

dJe(1.Xo0) _ 1 &
duz 0du2

That is to say, for arbitrary initial condition X, # X, the index function J.(u, Xo) is a convex function of u with p € (0, t,,)-
Therefore, there exists one, and only one, optimal value pg; = (5% (Xo) € [0, Ly, ] such that J.(u, Xo) is minimized.
Since xp # 0. It follows from (57) that

llm]e (14, Xo) Zxoxo (65)

On the other hand, by using (61) and (62), we have
P Y'Y — 1= VSV,

with
I, 0 0
R 0 0., 0
S= ,
0 0 o Oply,
and 0; = 2;' 1,i=2,3,...,h. It is easy to verify that |6;| < 1,i=2,3,..., h. Therefore, we can obtain
T
_ Ty/Q2ky /T Ty (/T xOV,V Xo
Jo (1, Xo0) = kz:;xovs Vo = mev Xo + Z T (66)

Now we consider the following two cases.
Case 1: V1xq + 0. Then it follows from (66) and V1xo + 0 that

Jim o (1.Xo) = (67)
As J.(1,Xo) is a convex function with respect to u, Egs. (65) and (67) clearly imply that g € (0, i) Which is the top
expression in (63).
Case 2: V1xy = 0. In this case, in view of (66), we have

11m ]e,uXO - VVXO

h
(68)

i=2

The above equation and (54) imply that lim,_...2'(k) = 0, i.e., the iteration in (18) converges to X, Eq. (68) also indicates that

Je(1t,Xo) may be minimized when u = u,,,,. Therefore, we have the second expression in (63).

We next show (64). It follows from (59) that di”Q(,u) < 0 if and only if I—,LLYTY > 0 which holds if and only if
U< 1/62..(Y). That is to say, if u < 1/02,,,(Y), then for arbitrary initial condition Xo, J. (i, Xo) decreases as p increases.
Therefore, the inequality in the left hand side of (64) should be satisfied. Similarly, %Q(,u) > 0 if and only if I — ,uYTY <0
which is equivalent to u > 1/¢2, (Y). That is to say, if u > 1/02, (Y), then for arbitrary initial condition Xo,J. (1, Xo)
increases as 1 increases. Therefore, we have yg < 1 /a2 (Y) which is just the inequality in the right hand side of (64). The
proof is completed. O

min ( )

Remark 5. Notice that V]x, = 0 can be equivalently written as

4
Xo € Null(VD =Image| | : | [,
Vi
where Vl-T € R"™ i=1,2,...,h. Since v, is a small integer in general, it follows that V¥x0 # 0 is satisfied for “almost all”

initial condition Xj. Therefore Hoh: € (0, Ly, for “almost all” initial condition Xo.
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Remark 6. Though the existence of the optimal step size g is guaranteed according to Theorem 4, it is hard to obtain such
optimal value in practice as it is dependent on the initial condition X, and the exact solution X,. Note that we have
02..(Y) > a2, (Y) in general, the inequality (64) can be simplified as

1 ess 2
W < Hopt < m = Hmax-

2
Ohax max

Our experiences from simulations show that y$%; chosen as %m’] < o < 1.7 can lead to good convergence performances
(see one of the examples in Section 5). ™

Remark 7. As pointed out by the reviewer, since £ depends on the initial matrix Xo, its value cannot be used to measure

the convergence of the algorithm generally. However, the convergence of J.(u,Xo) defined in (54) and the iteration (18) is
consistent, namely, if J.(¢t;,Xo) < J.(i,,Xo), then the iteration (18) with u = p, converges faster than that with p = u,. More-
over, determining u also involves the singular value of large matrix Y. From this point of view, the result in Theorem 4 has
more theoretical meaning than practical one.

An illustrative example for the developed theory is Example 3 given in Section 5.

5. Some numerical examples

In this section, we use several examples to validate the effectiveness of the developed results.

Example 1. Consider the following linear matrix equation

AX+X'B=C, (69)
where A and B are, respectively, given by
0.9268 0.3739 0.5080 0.1834 0.5337 0.9326
A=103157 0.1542 04521|, B=|0.1499 0.8615 0.0326
0.3271 03044 0.3816 0.9278 0.1393 0.0036
The matrix C is obtained by substituting a specified X, into (69). In particular, we set
1.000 1.000 1.000 —0.8494 0.5938 2.7051
X.=|-1000 -1.000 -1.000|, C=| 0.6707 04251 1.8256
-1.000 1.000 1.000 0.9022 1.9388 1.9819
2 T T T T T T T T T

_——

— p=y

_12 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

steps

Fig. 1. Convergence performances of the algorithm (18) for Example 1 with different step size p. In the figure, xk =

1
Thax (V)
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Shown in Fig. 1 are the convergence performances of the algorithm with different step size u and the same initial condition
X(0) = 0. It is clear to see that the convergence performance associated with u = g, is better than that with the other step
sizes, which coincides with Theorem 3.

Example 2. Still consider matrix Eq. (69) with the following coefficient matrices A, B, C and the unique solution X_:

0.1476 0.6364 0.2561 0.4434 0.2236 0.3336

A= 108492 05904 0.6943 |, B=|04588 0.1729 0.0788

0.9883 0.1258 0.9416 0.2192 0.8514 0.0130
1.000 1.000 1.000 -09795 -1.0333 1.2819
X, =|-1000 -1.000 -1.000|, C=|-02316 1.8553 2.4017
—-1.000 1.000 1.000 1.0424 3.0520 2.4810

The computing results are given in Fig. 2 with different step sizes and the same initial condition X(0) = 0. We note that the
convergence performance associated with g is in fact not the best one. On the other hand, the optimal step size is about
21—7“) observed from the figure.

Example 3. Consider a linear matrix equation in the form of
AXB +CXD + EX'F = G. (70)

The coefficient matrices A,B,C,D,E,F and G and the unique solution X, are, respectively, given by
1 -1 1 1 2 -1 1 -1
A= , B= , C= , D= ,
1 1 -1 1] 1 2 1 1
-1 1 1 -1 9 -5 1 1
E= F= G= , X = .
{—1 —1]’ {1 —1}’ {—2 12} [—l 2}
In the above, the matrices A, B, C and D are borrowed from [9], X, is specified and G is obtained by substituting A,B,C,D,E,F
and X, into Eq. (70). We also compare our method with the one proposed in [9].

Shown in Fig. 3 is the convergence performance comparison for different step size u and the algorithm proposed in [9].
With the given data, pt,,x = 0.0539, 5, = 0.0499 and g5 = 0.0523 which is obtained by running a searching program for

the initial condition X(0) = 0. We note that ug;; = rfﬁij?l”)‘ It is clear to see that the convergence rate with p = pg5; is larger
1.9:

than that with u = g, and the algorithm proposed in [9]. Finally, the CPU time of our method with ug5, = 7 ;xfll”) is0.83 s

log(lIX(k)=X_|I)

10 20 30 40 50 60 70 80 90 100
steps

Fig. 2. Convergence performances of the algorithm (18) for Example 2 with different step size p. In the figure, xk = ﬁ
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5 T T T T T T T T T
Dl_n%sesl. al. (2008)
—_
_, 8P H
- =M uopt
- p=x
o} O~ — u=2x |l
o5
3
0
=
<
8 -10 |
_15 -
_20 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
steps

Fig. 3. Convergence performances of the algorithm (18) for Example 3 with different step size u. In the figure, x = ﬁ

while the CPU time of the method in [9] is 0.92 s (both algorithms are run in an Intel 1.73-GHz computer and are stopped if
log(IX(k) — Xo|l5) < —16).

Example 4. Consider the following least squares problem
rr}(in||AXB+CXTDfE||F, (71)

where A, C € R?”?° B D € R*®*° and E € R***° are known and X € R***® is to be determined. Similar to [7], the matrices
A,B,C,D and E are generated in Matlab by using the following code:
rand(‘state’,0);
A = [triu(rand(20,20),
B = [triu(rand(20,20),
C = [triu(rand(R0,20),
D = [triu(rand(20,20),
E = 0.1 % rand(20, 30);

)+ diag(10 + diag(rand(20)))
)+ diag(10 + diag(rand(20)))
)+ diag(10 + diag(rand(20)))
)+ diag(10 + diag(rand(20)))

I;

1

1 ,0.1 x rand (20, 10)];

1 J;

1 ,0.1 % rand (20, 10)];

Notice that T" € R®**4% js of full column rank. Therefore, we can use the iteration in (18) and (19) to produce the unique least

squares solution to problem (71). Here the step size is chosen as yt = ‘% where v, is given by (32) and the initial condition is
2

chosen as X(0) = 0. The exact solution to the least squares problem (71) is computed as vec(X..) = (Y"Y) ' Y'vec(E). Using
such direct Kronecker product approach to solve this high-dimensional equation, the computational time is 80.90 s on an
Intel 1.73-GHz computer. The computational time is 2.6 s on the same computer by using our algorithm. This result clearly
implies the effectiveness of the proposed approach.

6. Concluding remarks

This paper is concerned with numerical solutions to the minimal norm least squares solution to general linear matrix
equations. Two iterative algorithms are proposed. The first one is established by using the gradient based optimization prin-
ciple while the other one can be viewed as its dual form. Necessary and sufficient conditions are given for the step sizes such
that the algorithms converge for arbitrary initial conditions. Also, a simple sufficient condition that is easy to test is also pre-
sented. To ensure a good convergence performance of the proposed algorithms, two methods are proposed to select the opti-
mal step size such that the convergence rate of the algorithms is maximized. Between these two methods, the first one is
established based on the criterion of minimizing the spectral radius of the iteration matrix while the second one is obtained
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by minimizing the square sum of the F-norm of the error matrices associated with the algorithm. Several numerical exam-
ples are given to illustrate the effectiveness of the proposed method.

The proposed method is easily extended to solve coupled Sylvester matrix equations [6], periodic Lyapunov matrix equa-
tions and periodic Sylvester matrix equations [2]. Upon the present results, two interesting problems listed below are re-
quired to be considered in the future.

1. How to use the preconditioning method in CG algorithm to improve the convergence performance of the proposed algo-
rithm when the condition number of Y (see (7)) is large.
2. How to generate this technique to the field of solving nonlinear matrix equations such as algebraic Riccati equations.
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Appendix A. Proof of Lemma 7

Note that Y™Y, (XYTY)™", 21 — puY™Y, (2 — Y™ Y) "', — uY™Y and (I — uY"Y)" are all commutable. Let A(t) be a matrix
function of the scalar t. Then
dA™'(t) dA(t)

dt dt
With the help of this formulation, we get

=—A"'(t) A1), (72)

_pd(pY™r 21 - px™Y))
du

= — (@YY = X)) YR - YY) + YT (=YY (et Y21 - pY'y)) !

= 2(uY™Y (20— pY™) XA = YY) (Y (21 = YY)

= 2(uY™Y (21— pY™) 2 (= pY' )Y (73)

dO) _ _ oy Ty i — )

T Ty -1
Tdu (LYY (21— pY'Y))

which is (59). Using formulation (72) again, we have

%( YTy (20 — pY'Y))?

L d(pYTYr 21 - px™Y))?

= —(uY™Y(2I - ux™)) (LYY (21— py™Y))

du
= —(UYTY (21 — YY) 2 (ApYTY2 (I — YY) (20 — YY) (YT (21 — pYTY))?
= —4u (- pX™) 21— YY) (Y21 - py™ ) 2, (74)

It follows from (73) that

2 T T -2
d d%(zl“‘) _ pdu Y(ZL; FY0) 7 ™YY 4 20000 Y (21 — X)) 2 (T
_ d(uy™r 2 — px™))
= du
Substituting (74) into the above equation and simplifying, gives (60). Obviously, d%Q(u) is symmetric and positive definite.
This completes the proof.

(I = XY™ )Y + 2(u2l — pY™r)) 2
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